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This note gives a proof of formulas (4.13) and (4.14) in [1], which are formulas (5.4) and (5.5)
in Meixner’s paper [2]. The proof given here has some more details than the proof in [2].

Assume that P−1(x) = 0. The following equations are given, see [1, (4.3), (4.5) and (4.12)]:

t(D) = D + a2D
2 + a3D

3 + · · · , (1)

t(D)Pn(x) = nPn−1(x), n = 0, 1, 2, . . . , (2)

Pn+1(x) = (x+ ln+1)Pn(x) + kn+1Pn−1(x), n = 0, 1, 2, . . . . (3)

Note that, for a C∞-function f ,

Dn(xf(x)) =

n∑
k=0

(
n

k

)
DkxDn−kf(x) = xDnf(x) + nDn−1f(x).

Hence

t(D)(xPn(x)) = x t(D)Pn(x) + (1 + 2a2D + 3a3D
2 + · · · )Pn(x)

= nPn−1(x) + t′(D)Pn(x). (4)

Now apply t(D) to (3) and use (2) and (4):

(n+ 1)Pn(x) = t′(D)Pn(x) + n(x+ ln+1)Pn−1(x) + (n− 1)kn+1Pn−2(x), n = 1, 2, . . . . (5)

From (3) we get

nPn(x) = n(x+ ln)Pn−1(x) + nknPn−2(x), n = 1, 2, . . . . (6)

Subtract (6) from (5). Then

(1− t′(D))Pn(x) = n(ln+1 − ln)Pn−1(x) + ((n− 1)kn+1 − nkn)Pn−2(x), n = 1, 2, . . . . (7)

Apply t(D) to (7) and use (2). Then, for n = 2, 3, . . .,

n(1− t′(D))Pn−1(x) = n(n− 1)(ln+1 − ln)Pn−2(x) + (n− 2)((n− 1)kn+1 − nkn)Pn−3(x).

Hence, for n = 1, 2, . . .,

(1− t′(D))Pn(x) = n(ln+2− ln+1)Pn−1(x)+ (n+1)−1(n− 1)(nkn+2− (n+1)kn+1)Pn−2(x). (8)

From (7) and (8) we get

λ = ln+2 − ln+1 = ln+1 − ln, n = 1, 2, . . . ,

κ = (n+ 1)−1kn+2 − n−1kn+1 = n−1kn+1 − (n− 1)−1kn, n = 2, 3 . . . ,

1



with λ and κ independent of n. Iteration gives

ln+1 = l1 + nλ, n−1kn+1 = k2 + (n− 1)κ.

Hence we can rewrite (3) as

Pn+1(x) = (x+ l1 + nλ)Pn(x) + n(k2 + (n− 1)κ)Pn−1(x), n = 0, 1, 2, . . . . (9)

We can also rewrite (7) as

(1− t′(D))Pn(x) = nλPn−1(x) + n(n− 1)κPn−2(x), n = 1, 2, . . . .

In combination with (2) this gives

(1− t′(D))Pn(x) = λt(D)Pn(x) + κt(D)2Pn(x), n = 1, 2, . . . . (10)

Since 1− t′(D) is a polynomial in D without constant term, (10) also holds for n = 0. Hence

(1− t′(D))f(x) = λt(D)f(x) + κt(D)2f(x)

for any polynomial f(x). Therefore

1− t′(D) = λt(D) + κt(D)2.

So the power series t(u) satisfies the differential equation

t′(u) = 1− λt(u)− κt(u)2. (11)
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